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Abstract
We consider the family of difference equations of the form
xn+1 =
(
k∑
i=0
i =j,j−1
xn−i + xn−j+1xn−j + 1
)/ k∑
i=0
xn−i , j = 1,2, . . . , k,
where n ∈ {0,1, . . .}, k ∈ {1,2, . . .} and the initial values x−k, x−k+1, . . . , x0 are positive real num-
bers. For these difference equations, we investigate the oscillatory behavior of the positive solutions
and prove that the unique equilibrium x¯ = 1 is globally asymptotically stable.
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1. Introduction
In [1] Amleh, Kruse, and Ladas proved that the positive equilibrium x¯ = 1 of the differ-
ence equations
xn+1 = xn + xn−1xn−2
xnxn−1 + xn−2 , n = 0,1, . . . ,
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xnxn−1 + xn−2 , n = 0,1, . . . ,
xn+1 = xn + xn−1xn−2
xnxn−2 + xn−1 , n = 0,1, . . . ,
with positive initial conditions x−2, x−1, x0, is globally asymptotically stable.
Moreover, in [3] Kruse and Nesemann studied the global asymptotic stability of the
unique positive equilibrium of a discrete dynamical system and as a special result they
proved that the unique positive equilibrium x¯ = 1 of the Putnam difference equations
xn+1 = xn + xn−1 + xn−2xn−3
xnxn−1 + xn−2 + xn−3 , n = 0,1,
where the initial conditions xi , i = −3,−2,−1,0, are positive numbers, is globally as-
ymptotically stable.
Also in [4] Xianyi and Deming proved that the unique equilibrium of the difference
equation
xn+1 = xnxn−1 + 1
xn + xn−1 , n = 0,1, . . . ,
with positive initial values x−1, x0 is globally asymptotically stable.
Now in this paper, generalizing the above equation studied in [4], we consider the family
of difference equations
xn+1 =
(
k∑
i=0
i =j,j−1
xn−i + xn−j+1xn−j + 1
)/ k∑
i=0
xn−i , j = 1,2, . . . , k, (1.1)
where n ∈ {0,1, . . .}, k ∈ {1,2, . . .} and the initial values x−k, x−k+1, . . . , x0 are positive
numbers. We investigate the oscillatory behavior of the positive solutions of (1.1) and prove
that the unique equilibrium x¯ = 1 is globally asymptotically stable.
2. Properties of positive solutions
In this section we show some useful properties of positive solutions of (1.1). We observe
that the unique positive equilibrium x¯ of (1.1) is equal to 1.
Proposition 2.1. Let {xn}∞n=−k be a solution of (1.1). Then
xn = 1, n = 1,2, . . . , (2.1)
if and only if
0∏
s=−j
(xs − 1) = 0, j = 1,2, . . . , k. (2.2)
Proof. From (1.1) we obtain for j = 1,2, . . . , k and for every n = 0,1, . . . that
(xn−j − 1)(xn−j+1 − 1) = 0, if and only if xn+1 = 1. (2.3)
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(x−j+i−1 − 1)(x−j+i − 1) = 0, i = 1,2, . . . , j.
So from (2.3) we have xi = 1, i = 1,2, . . . , j . Then using (2.3) and working inductively
we can show xn = 1 for n = j + 1, j + 2, . . . and so that (2.1) is true.
Suppose now that (2.1) is satisfied. Then from (2.3) it is obvious that (2.2) is true and
so the proof is complete. 
Proposition 2.2. The solution {xn}∞n=−k of (1.1) is eventually equal to 1 if and only if
0∏
m=−j
(xm − 1) = 0, j = 1,2, . . . , k. (2.4)
Proof. Suppose first that relation (2.4) is satisfied. So there exists s ∈ {0,1, . . . , j } such
that x−s = 1. Then if s = j (respectively s = j ) we have
(x−s+i − 1)(x−s+i+1 − 1) = 0, i = −1,0 (respectively i = 0).
Thus applying (2.3) if s = j (respectively s = j ) it follows that
xj−s+i+1 = 1, i = −1,0 (respectively i = 0).
If s = j (respectively s = j ), then working inductively we can easily prove for i = −1,0,
. . . ,µ (respectively i = 0,1, . . . ,µ), µ = 1,2, . . . , j − 2 (respectively µ = 1,2, . . . , j − 1)
that
(xµj−s+i − 1)(xµj−s+i+1 − 1) = 0 and so x(µ+1)j−s+i+1 = 1.
Therefore using (1.1) and working inductively if s = j (respectively s = j ) we can easily
prove that xn = 1 for all n (j − 1)j − s (respectively n j2 − j + 1).
Suppose now that xn is eventually equal to 1. Then from Proposition 2.1 we have that
(2.4) holds. This completes the proof of the proposition. 
Proposition 2.3. Let {xn}∞n=−k be a solution of (1.1). If xn = 1 for all n  1, then thefollowing inequalities are valid:
(i) (xn − xn−j )(1 − xn−j ) > 0, j = 1,2, . . . , k,
(ii) (1 − xn+1)(1 − xn−j+1)(1 − xn−j ) < 0, j = 1,2, . . . , k.
Proof. (i) For j = 1,2, . . . , k we have
xn − xn−j =
(
k∑
i=0
i =j,j−1
xn−i−1 + xn−j xn−j−1 + 1 − xn−j
k∑
i=0
i =j,j−1
xn−i−1
− xn−j xn−j−1 − x2n−j
)/ k∑
xn−i−1
i=0
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(
(1 − xn−j )
k∑
i=0
i =j,j−1
xn−i−1 + 1 − x2n−j
)/ k∑
i=0
xn−i−1
= (1 − xn−j )
(
k∑
i=0
i =j,j−1
xn−i−1 + xn−j + 1
)/ k∑
i=0
xn−i−1
which implies that inequality (i) holds.
(ii) From (1.1) and for j = 1,2, . . . , k we obtain
xn+1 − 1 =
(
k∑
i=0
i =j,j−1
xn−i + xn−j+1xn−j + 1 −
k∑
i=0
xn−i
)/ k∑
i=0
xn−i
= (xn−j+1xn−j − xn−j+1 − xn−j + 1)
/ k∑
i=0
xn−i
= (1 − xn−j+1)(1 − xn−j )
/ k∑
i=0
xn−i
and so we get inequality (ii). This completes the proof of the proposition. 
From inequality (ii) of Proposition 2.3 the following corollaries follow immediately.
Corollary 2.1. Let {xn}∞n=−k be a solution of (1.1). Then xn+1 < 1 for all n 0 if and only
if (xn−j+1 − 1)(xn−j − 1) < 0, where j = 1,2, . . . , k.
Corollary 2.2. Let {xn}∞n=−k be a solution of (1.1). Then xn > 1 for all n 1 if the initial
conditions x−j , x−j+1, . . . , x0 are all greater than 1.
3. Oscillation
For the study of the oscillatory behavior of positive solutions of (1.1), we need the
following definitions (see [2]).
Definition 3.1. A solution {xn}∞n=−k of (1.1) is said to strictly oscillate about x¯ = 1 if for
every s ∈ {0,1, . . .} there exist n,m ∈ {s, s + 1, . . .} such that (xn − 1)(xm − 1) < 0.
Definition 3.2. Suppose that (2.2) holds. A positive semicycle of a solution {xn}∞n=−k of
(1.1) consists of a “string” of terms {xl, xl+1, . . . , xm} all greater than 1, with l −k and
m∞ and such that
either l = −k or l > −k and xl−1 < 1
and
either m = ∞ or m < ∞ and xm+1 < 1.
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either l = −k or l > −k and xl−1 > 1
and
either m = ∞ or m < ∞ and xm+1 > 1.
In the sequel, we state a lemma about the properties of the semicycles of nontrivial
solutions.
Lemma 3.1. Suppose that (2.2) holds. Let {xn}∞n=−k be a solution of (1.1). Then the fol-
lowing statements are true:
(i) If there exists an m ∈ {−j,−j + 1, . . . ,0} such that
xm < 1, xm+1 > 1, (3.1)
every positive semicycle {xs+1, xs+2, . . .}, s ∈ {m,m + 1, . . .} has at most j terms.
(ii) If there exists an m ∈ {−j,−j + 1, . . . ,0} such that
xm > 1, xm+1 < 1, (3.2)
every negative semicycle {xs+1, xs+2, . . .}, s ∈ {m,m+1, . . .} has at most j +1 terms.
Proof. (i) Assume that there exists an integer m ∈ {−j,−j + 1, . . . ,0} such that (3.1) is
satisfied. Let {xs+1, xs+2, . . .} be a positive semicycle, s ∈ {m,m + 1, . . .}. Therefore from
(3.1) we can suppose that xs < 1. Then, according to Corollary 2.1 we have xs+j+1 < 1
and so the proof of statement (i) is complete.
(ii) Suppose now that there exists an integer m ∈ {−j,−j + 1, . . . ,0} such that (3.2)
holds. Let {xs+1, xs+2, . . .} be a negative semicycle, s ∈ {m,m + 1, . . .}. If xs+2 > 1 then
the proof of (ii) follows immediately. Suppose that xs+2 < 1. Then from Corollary 2.1 we
take xs+j+2 > 1 and so the proof of (ii) is complete. 
From Lemma 3.1 we obtain the following theorem.
Theorem 3.1. Suppose that (2.2) holds. Every solution {xn}∞n=−k of (1.1) strictly oscillates
about the unique positive equilibrium x¯ = 1 if there exists an m ∈ {−j,−j +1, . . . ,0} such
that either
xm < 1 and xm+1 > 1 or xm > 1 and xm+1 < 1.
As an immediate subsequence of Corollary 2.2 we have the following theorem.
Theorem 3.2. Every {xn}∞n=−k solution of (1.1) is not oscillatory about the unique positive
equilibrium x¯ = 1 if the initial conditions xi , i = −j,−j + 1, . . . ,0, satisfy
xi > 1, i = −j,−j + 1, . . . ,0.
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Using [3, Corollary 3] we study the global asymptotic stability of the unique equilibrium
x¯ = 1.
Theorem 4.1. The unique positive equilibrium of (1.1) is globally asymptotically stable.
Proof. From (1.1) we have for j = 1,2, . . . , k
xn − xn+j = xn −
(
k∑
i=0
i =j,j−1
xn−i+j−1 + xnxn−1 + 1
)/ k∑
i=0
xn−i+j−1
=
(
(xn − 1)
k∑
i=0
i =j,j−1
xn−i+j−1 + xn(xn + xn−1) − xnxn−1 − 1
)
×
(
k∑
i=0
xn−i+j−1
)−1
= (xn − 1)
(
k∑
i=0
i =j,j−1
xn−i+j−1 + xn + 1
)/ k∑
i=0
xn−i+j−1,
1
xn
− xn+j = 1
xn
−
(
k∑
i=0
i =j,j−1
xn−i+j−1 + xnxn−1 + 1
)/ k∑
i=0
xn−i+j−1
=
(
(1 − xn)
k∑
i=0
i =j,j−1
xn−i+j−1 + xn + xn−1 − x2nxn−1 − xn
)
×
(
k∑
i=0
xn−i+j−1
)−1
= (1 − xn)
(
k∑
i=0
i =j,j−1
xn−i+j−1 + xn−1(xn + 1)
)/ k∑
i=0
xn−i+j−1.
Therefore we have
(xn − xn+j )
(
1
xn
− xn+j
)
 0, j = 1,2, . . . , k.
So from [3, Corollary 3] the unique positive equilibrium of (1.1) is globally asymptotically
stable. This completes the proof of the theorem. 
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